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We study s ta t ionary waves of envelopes in a nonrelativist ic e lect ron s t r eam on a fixed ion 
background. It is shown that the velocity of the s ta t ionary wave of an envelope is always 
equal to the velocity of the unperturbed e lec t ron s t r eam.  In the adiabatic approximation it 
is found that each perturbat ion of the envelopes propagates with velocity of the unperturbed 
s t ream.  The resul t  is of in te res t  for the theory of nonlinear waves in dispersive media. 

1. In recent  yea r s  there have been investigations dealing with the fact that for nonlinear wave p r o -  
cesses  in dispers ive  media the most  charac te r i s t i c  effects evidently are  various effects of nonlinear self- 
s t r e s s  [1-7]. The la t ter  include, for example,  the self-focusing of stationary-wave beams [2]. In the non- 
s ta t ionary case,  effects of self-action appear  as a nonlinear s p a c e - t i m e  deformation of amplitude and phase 
of the envelopes of a wave packet [3, 4, 6, 7]. This allows us to t rea t  nonstationary effects of self-action 
as a propagation into the medium of peculiar  waves of the envelopes. In a number of cases  the envelope 
waves undergo accumulated distortion, and for cer ta in  conditions Reimann envelope waves are  possible. 
In a medium with a relaxation nonlinearity,  shock waves of the envelopes can exist  [7]. 

For  a considerat ion of the effects of se l f -ac t ion in nonlinear optics it is usual to assume the presence 
of a cubic nonlinearity in the medium. Of course  this does not exhaust all the possibili t ies in nonlinear 
media, in which se l f -act ion effects are  possible.  In par t icular ,  we should take note of dispersive media 
with a hydrodynamic nonlinearity (v V) v, where v is the velocity and ~7 is the dell opera tor  [8, 9]. The 
quasishock waves considered in [8] are  essent ia l ly  shock waves of the envelopes. In [9], it is shown that 
waves of finite amplitude of ionic sound in a plasma experience self-act ion,  leading to the decay of the 
homogeneous wave front. This effect  is s imi lar  to self-focusing in nonlinear optics [2, 5]. All of this indi- 
cates the advisabil i ty of studying wave processes  in dispers ive media with a hydrodynamic nonlinearity in 
t e rms  of the nonlinear self-act ion.  

The a im of the present  work is to at tempt to cons t ruc t  a theory in which wave processes  in e lectron 
s t r eams  can be d iscussed as a s p a c e - t i m e  deformation of the envelopes.  

2. The principal resul ts  of the l inear theory of homogeneous wave p rocesses  in a nonrelativist ic 
e lec t ron  s t r e a m  on a fixed ion background reduces  to the following. Each plane perturbat ion of the s t r eam 
f (x ,  t) can be represen ted  in the form 

+~ +i~? 
l (x, t) = I l~'ei(k . . . .  t) d ~ 1 +  I~ P ( ~ . . . . .  ') &o~ (2.1) 

kl = kl ((ol) = o)~ -- (Op (2.2i 
/)o 

k~ = k~ (~2)  = ~:  + ~p (2.3) 
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H e r e ,  v 0 i s  the v e l o c i t y  of  the u n p e r t u r b e d  e l e c t r o n  s t r e a m ,  COp i s  the p l a s m a  f r e q u e n c y ,  and  Eqs .  
(2.2) and  (2.3) d e t e r m i n e  the f a s t  and  s low w a v e s  of  the s p a c e  c h a r g e ,  r e s p e c t i v e l y .  T r a n s f o r m i n g  (2.1), we 
ob t a in  

i .e . ,  

) 
Y0 

/ (x + 1, t + T) = l (x, t) (~ = 2=/zp, z = ,oT) 

The l a t t e r  i n d i c a t e s  tha t ,  m o v i n g  with v e l o c i t y  of  the u n p e r t u r b e d  s t r e a m ,  the p e r t u r b a t i o n  r e p e a t s  
i t s e l f  in t ime  ~. I t  i s  c l e a r  tha t  the p r o p a g a t i o n  of  such  a p e r t u r b a t i o n  can  c o n v e n i e n t l y  be d e s c r i b e d  fol-  
lowing  the s p a c e - t i m e  d e f o r m a t i o n  of i t s  e n v e l o p e .  S i m i l a r l y  to wha t  has  b e e n  done p r e v i o u s l y ,  we have  

f (z,  t) = cos co v t ' / ( z  - rot, O) 

Thus ,  in the l i n e a r  t h e o r y  the enve lope  of  a wave  p a c k e t  m o v e s ,  wi thou t  b e i n g  d e f o r m e d ,  wi th  v e l o c i t y  
of the u n p e r t u r b e d  s t r e a m .  This  r e s u l t  fo l lows f r o m  the law of  d i s p e r s i o n  of  the w a v e s  of  the s p a c e  c h a r g e .  
On the o t h e r  hand i t  a t t e s t s  to the a d v a n t a g e  and  v i s u a l i z a b i l i t y  of  the r e p r e s e n t a t i o n  of e n v e l o p e  w a v e s  in 
the e l e c t r o n  s t r e a m .  

3. F o r  an  i n v e s t i g a t i o n  of n o n l i n e a r  wave  p r o c e s s e s  in an  e l e c t r o n  s t r e a m  on a f ixed  ion b a c k g r o u n d  
we i n i t i a l l y  have the fo l lowing s y s t e m  of  e q u a t i o n s :  

a~, a~, e ar on , o ,  , a~q~ = 4ne(r~ - -  no) (3.1) 

w h e r e  v is  the v e l o c i t y  of  the e l e c t r o n  s t r e a m ,  ~p i s  the e l e c t r o s t a t i c  p o t e n t i a l ,  n i s  the  e l e c t r o n  d e n s i t y ,  
n o is  the ion d e n s i t y ,  e is  the a b s o l u t e  va lue  of  the e l e c t r o n  c h a r g e ,  and m is  the e l e c t r o n  m a s s .  

In (3.1), we m a k e  the s u b s t i t u t i o n  of  v a r i a b l e s  [9, 10] 

x l = ( x - u l t )  k*, x , = ( z - - t t ~ t )  k* 
k *  - -  ep 4ne~'no -- ~ ' O)p 2 ~ 

w h e r e  ul and u 2 a r e  c o n s t a n t s ,  and  v 0 i s  the v e l o c i t y  of  the u n p e r t u r b e d  s t r e a m .  

The o r i g i n a l  s y s t e m  b e c o m e s  the fo l lowing  s y s t e m  of  e qua t i ons :  

�9 ~ ] t ~ ;  -F ~ -~ (V  = - 
0,  a, o(~) (3 .2)  

H e r e ,  we have  i n t r o d u c e d  the no ta t ion  

4. Le t  0/Ox2 = 0. 

[ =  - -V ,  u = - -  
nO ~O--Ul 

This  i n d i c a t e s  tha t  we s e e k  so lu t i ons  of (3.2) in  the f o r m  of  p lane  s t a t i o n a r y  w a v e s  

d 2 ~ / d x t  2 = 2( i  / ~ f ~  : -  1) (4 .1)  

w h e r e  �9 = V 2. We note tha t  sgn  (v - -u l )  = sgn  ( v 0 - u 0 ,  so tha t  V > 0. 

I n t e g r a t i n g ,  we ob ta in  

(d(D / d x l )  2 ---- 4 {A - -  ( ~  - -1 )  2} = 4F (A, ~)  (F (A, $) = A --  ( ) f ~ - -  t) 3) (4.2) 

Hence  

x 1 - ~ 0 =  -~- 2 ]/'F("A, O) (4.3) 
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Here, A and 0 are constants of integration. The quantity A corresponds to the amplitude of the wave, 
0 corresponds to its phase. For the condition 

O - ~ A ~ I  

Eq, (4.3) de te rmines  the periodic function 

r = q ) ( A , x ~  + 0 )  (4.4) 

Its period equals 27r. 

5. We will seek solutions of the sys tem (3.2) in the form of a longwave perturbat ion of the s ta t ionary 
wave moving with veloci ty ul. Using Eq. (4.4) for  this, instead of the two functions V(x i, x 2) and I(xt, x2), 
we introduce into the invest igat ion three functions: A(x~, x2), 0(xi, x2), and I(xt, x2). Imposing on A and 0 
the additional conditions 

we obtain a sys tem of equations,  equivalent to (3.2): 

( OA O + O0 0 \0~, a (  ) 
OZl 2 dx2 ~Xl 

(5.2) 

Oz--tl -'~ u ~ dx~ (5.3) 

F rom (4.1) and (4.2), we obtain 

bx~ ~ OA Ox~ aA  ~ " =  - -  2, Oz~2 dx2 Ox~ dxz ~ --" - -  2 dx-~,. 

There fore ,  having solved the sys tem (5.1), (5.2), for  0A/0xt  and O 0 / O x l ,  we have 

2oA .A dr (~_r ) ~ - ,  (5.4) = - -2  h-~z +4u--h-~z -- t + 2 0  V~- 

00 o~r (dO dVr 00 r 2 l - - i  d /00\7  (5.5) 

6. In o rde r  to calculate solutions of the sys tem (5.3)-(5.5), we use the method of averaging [11]. In 
o rde r  to do this,  we r ep re sen t  the sought functions in the fo rm of the se r i e s  

A (Xt, x2) = A0 (x~) + ~ ,  A~ (xl, x2) 

e c  

0 (z .  x~) = Oo (xd + ~ O~ (x.  x~) 

r (~.  x~) = Zo (x~) + Y,& (~. x~) 

(6.1) 

where  Ao, 00, and I 0 a re  slowly varying functions, and Ak(Xi, x2) , 0k(Xl, x2), and Ik(Xi, x2) are  quantit ies of 
the k- th  o r de r  of smal lness ,  rapidly oscil lat ing with r e spec t  to x 1 and slowly varying with respec t  to x 2. 

Differentiat ing by par ts ,  f rom (5.4) and (5.3), we obtain 

�9 ~ d V ~  4u d V ~ -  ul (u + V ~ )  dA OA 0 40(V~)§ - - 1 )  i/=~ - dx~ ~ ~- 4-~x2 2 ~ - } -  2 ~  = 4~(I]/--~)--  Ox~ (6.2) 
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We expand  a l l  the func t ions  con ta in ing  r  0) in  a T a y l o r  s e r i e s  in  the ne ighborhood  of the po in t  (A o, 

00) 

(1) = (:I) (Ao, 0o) + A~ 0* (Ao, 0o) cO(1) (Ao, a T  + 01 Oz, 0o) + . . .  

V--~ = V O ( a o ,  O o ) +  Ai  coVO)(A~ oo) -~ -in oV-~(Ao,~ oo) + . . .  

i i ~-A~ o t O 0  t 
V~-- - -  V ' ~  (Ao, 0o) COA I/a) (Ao, 0o) -~ 1 cOxl V'(1) (Ao, 0o------~ + " "  

Substituting (6.1) and (6.3) into Eq. (6.2) and discarding quantities of second order of smallness, we 

obtain 

(6.3) 

OA1 dAo 0 cO 2 ~ (I~ V--~) + 
cOx-7 + ~x2 = 2 ~ (IoV ~)  - 2 ~ (V--~) + az~ 

[ ( cO,r • cO cO':  cOcci 
+ 2  ~ Io A i ~  - l ~ ) j  - - 2 ~ ' ~ l ~ - l ~ - P 0 1 - - ~ x " ~ - ]  4- cOZI 

dlo _{ 2u (t --  Io) d V~-  2u + 2 (u + ]/-~) 
V r  dx~ (6.4) 

Equa t ing  in (6.4) t e r m s  of the s a m e  o r d e r ,  we ob t a in  

o V ~ = o  
cOxt 

Hence ,  I 0 = 1 and 

OA1 -JF ~dA" = 20_~Oxi (Ix V--~) - 2u d dxz ~ 

S i m i l a r l y  to wha t  has  b e e n  done p r e v i o u s l y ,  f r o m  (5.5) and  (5.3), we have  

(6.5) 

001 
Ozl 

I ,  om t o~a) d , r - -  I on) d (Om~ 
CO A 20AOx, dx~ ((:~9 + ~u V (I:)) Y'-g'A "~x,~ \-~xi ] 

(6.6) 

o i l  = " u ~-- 
Ozl dz~ V~7 ,dz2 0A + dz~ Ozl. (6.7) 

A v e r a g i n g  (6.5) o v e r  the f a s t  o s c i l l a t i o n s ,  we ob ta in  

dAo __ __ 2 a  dA~ 0 
- dx~ xz < r  (6.8) 

H e r e ,  t h e  b r a c k e t s  denote  a v e r a g i n g  o v e r  x l :  

(l+ A) A. 

(1 - '  VE) 

Thus,  Eq. (6.8) g i v e s  

, dAo .. 
(1 + u) = 0 

Two cases are possible: u = --I and u ~ - I .  

7. We consider the case u = -1 .  This denotes that the longwave perturbation moves with velocity 

u 2 = v 0. Integrating Eq. (6.7), we obtain 

d A~ 0 V ~ -  ~ + doe 1 (7 .1)  

F r o m  the cond i t i on  < n / n  0 > = 1, i t  f o l l o w s  tha t  the c o n s t a n t  of i n t e g r a t i o n  m u s t  be s e t  equal  to z e r o .  
Subs t i tu t ing  (7.1) into (6.6) and a v e r a g i n g  o v e r  the f a s t  o s c i l l a t i o n s ,  we have  
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dO2~/ 0~0 o V - O _  t O 0 _ ~ " x = d A o / 2 O V - - ~  0 aro'sin V O - - t  

I n t e g r a t i n g  by p a r t s ,  we ob ta in  

d00 Ao( t A 0 + i .  , Ao) 
- -  ~__= i n / .  ~fl 

dAo </ 0'~@ 

(7.2) 

He nee 

2 / 2 A 0  + I { - -  Ao , ,~ ~ (7.3) 
] 

As is  s e e n  f r o m  (7.3), the longwave  p e r t u r b a t i o n  of  the a m p l i t u d e  of  the s t a t i o n a r y  wave  l e a d s  to d i s -  
t o r t i o n  of  the phase  of  the l a t t e r .  

8. We c o n s i d e r  the c a s e  u ~ - 1 .  H e r e ,  A0 = cons t .  Equa t ion  (6.7) i m p l i e s  

u dO. (8.1) 
I1 = t f o -  dz~ 

Subs t i t u t i ng  (8.1) in to  Eq.  (6.6), and  a v e r a g i n g  o v e r  the f a s t  o s c i l l a t i o n s ,  we ob ta in  

We can  v e r i f y  tha t  the e x p r e s s i o n  in p a r e n t h e s e s  does  not equa l  z e r o .  T h e r e f o r e ,  00 = c o n s t ,  wi th  
Eq.  (8.1) g iv ing  It = 0. Thus ,  i f  u 2 r v0, the longwave  p e r t u r b a t i o n  })f a s t a t i o n a r y  wave  in the f i r s t  a p p r o x i -  
m a t i o n  i s  a b s e n t .  We show tha t  in  each  a p p r o x i m a t i o n  fo r  u 2 ;~ v 0' the p e r t u r b a t i o n  i s  a b s e n t .  We note tha t  
a l l  q u a n t i t i e s  of the f o r m  

a r e  of  s e c o n d  o r d e r  of  s m a l l n e s s .  

HA, o d0lO  
d=~ (0) = \ d~:~ ~-Z + e ~  O~] / (@) 

Equa t ions  of the s e c o n d  a p p r o x i m a t i o n  have  the f o r m  

OA.,. . d &  0 d T f o  
Ox-'~ + ~ = 2 ~ (I 2 V - ~ )  - 2u dx~ 

Ox~ = l,f'~- OA 2 OAOzl z ( O - ~ -  2uV-~) + Y O A  dz2\Oz~ I 

This  s y s t e m  of  equa t i ons  c o i n c i d e s  wi th  (6.5)-(6.7),  i f  in i t  we r e p l a c e  A 2, 02, At,  02, and 12, by ,  r e -  
s p e c t i v e l y ,  As, 0t, A0, 00, and I t .  S i m i l a r l y  to the p r e c e d i n g ,  we ob ta in  

A 1 = 01 = I 1 = 0 ,  An =A2(x~) ,  0~ = 0 2(x~) 

By induc t ion  i t  i s  e a s y  to show tha t  a l l  the q u a n t i t i e s  of  the s e r i e s  (6.1), beg inn ing  with  the  f i r s t  and  
h i g h e r ,  equa l  z e r o .  Thus ,  the s t a t i o n a r y  wave  of  the enve lope  can  move  only  with  v e l o c i t y  o f t h e u n p e r t u r b e d  
stream. 

9. 

charge 

w h e r e  

o r  

The r e s u l t s  ob ta ined  can  be  u n d e r s t o o d  by  a n a l y z i n g  the law of  d i s p e r s i o n  of w a v e s  of the s p a c e  

k ~ /r 2 = e (~o) / vo ~ (9.1) 

( o )  = ( i  + 0 ~ p / o )  ~ 

o) / k = V o ~ O ) p /  k (9.2) 
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We note that the analysis  usually used for the expansion of the function a(w) in powers of w is not used 
here ,  since for co = 0, there is a singulari ty.  It is shown below that Eqs. (9.1) and (9.2) are  simultaneously 
also a nonlinear law of dispersion.  It is Characterist ic  that the wave amplitude does not appear  in the dis- 
persion law. For  w ~ or  k - -  ~ the dispers ion vanishes and the phase velocity approaches the velocity of 
the unperturbed s t r eam v0. 

We show that the charac te r  of the envelope waves in an e lectron s t r eam is due to the final cha rac te r -  
ist ics of the dispers ion relat ions (9.1), (9.2). It is not difficult to verify that the initial sys tem (3.1) can be 
found f rom a variational principle,  in which the density of  the Lagrangian function 

= 8n f o x ]  L~o + ~ - ( ~ )  ] +  e~ --n0) (9.3) L (,, + . . , c  (t) 

where 

xo 

, (z,  t) = ~ v (x',  t) dx '  
x 

t v2(xo,  t ) - -  e ~(xo, t) c (t) = -~ -~ 

The general ized coord ina tes ' a re  the field variables n(x, t), r t), and r t). As was shown, the 
sys tem (3.1)admits a s tat ionary solution, in which all the quantities are functions of the combinations k x -  
wt. For perturbations having wavelengths much grea te r  than the wavelength of the s tat ionary wave, the 
amplitude A, the wave number k, and the frequency ~o are  slowly varying functions of the time and the coor-  
dinate. We can therefore  assume that a locally s ta t ionary solution holds at each point; however,  the am-  
plitude, the wavelength, and the frequency vary f rom point to point. In [12], it is shown that averaged equa- 
tions for the slowly varying functions A, k, and c0 are obtained f rom the averaged Lagrangian by variation 
with respec t  to A, k, and w. 

Substituting the stationary solution into the Lagrangian and averaging over  the period of the station- 
ary wave, we have 

In (9.4), we take into account that variat ion with respec t  to n gives the equation of motion 

07 + 2 \ Ox / = ~ cp -t- C (t) 

sion 

(9.4) 

( 9 . 5 )  

Substitution of the stat ionary solution into it t r ans forms  (9.5) into an identity, and causes the expres-  

L ~  ~ Y \ ~ /  J - -  ecpn - -  mnC  ( t )> 

to vanish. 

For the stat ionary wave 

because 

[8]. 

i . e . ,  

Cp ~ 2ek2 [ ~  L ' [ kvo - -  O) l 

X - -  u t  
X l  COp 

I VO - -  Ul 
~P (kz - -  oit) 

The function ~ = ~(A, xl +0) is defined by Eq. (4.3). Its propert ies  are  described,  for example, in 
Since the period 4~ equals 2v for all values of the amplitude A(0 < A < 1), we obtain 

[ kVo =-  o) I == (~op 

27~eno ,r d )  (P = ~ L-- ( A ,  ]~x - -  (or ~ O) -[- t } (9.6) 
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Thus, the linear dispersion equation is simultaneously also nonlinear. These are the specific prop- 
erties of the problem under consideration. 

SuBstituting (9.6) into (9.4) and averaging, we obtain 

2ge~.noz 
<L> = k2 A 

Using the method of [12], we obtain the Euler  equation for the averaged Langrangian L 

0(L>__0, 0 0(L> = 0  
OA Ox Ok 

or 

Hence, it follows that 

t- AOk O ( ~ O A  A )  
k2 2 ~ - A  = O, ~ \ V . ~  - -  2 g = 0 

A /k  ~ ----- const (9.7) 

Using the dispers ion equation co = kv 0 =~ COp, and the equation 

we obtain 

i.e.~ 

Equation (9.7) yields 

which was to be proved. 

Ok / Ot = --Oo) / Ox 

Ok / Ot q- vo Ok / Ox = 0 

k = k (x - -  rot) 

A = A  (x--v0t) 

We note that in the l i terature  there is a known exact  solution of the sys tem of equations (3.1) in La- 
grangian variables  (see, e.g.,  [13, 14]). However,  the use of this solution in the present  study complicates 
the difficulty of t ransforming in explicit form f rom Lagrangian variables  to Euler  var iables .  

Thus, the nonlinear d i s to r t ion  of envelope waves is evidently possible only in the multivelocity s t r eams .  

The resul ts  obtained naturally re fe r  not only to e lectron s t r eams ,  but also to waves in a cold plasma.  
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